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Abstract

Binary information table, multi-valued information table and set-valued information table are three kinds of information
systems often encountered in information processing. For any information system, we can often induce different information
granular structures, and then construct the corresponding rough set models. Generally speaking, for the same information
system, three models of Pawlak rough set, covering rough set and multi-granulation rough set can be induced according to
different rules. These three kinds of rough set models are effective tools for data mining and information processing. This
paper studies the relationship among Pawlak rough set, covering rough set and multi-granularity rough set induced in binary
information table, multi-valued information table and set-valued information table, and obtains many important conclusions.
The research content of this paper effectively connects the theories, methods and applications of Pawlak rough set, covering
rough set and multi-granularity rough set, which not only enriches the rough set theory, but also expands the application

prospect of rough set.
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1 Introduction

In todays society, people are facing the problem about how
to deal with large-scale complex data. In order to find use-
ful knowledge from data conveniently and effectively, people
often get a granular structure by granulating data according
to the characteristics of data. Then, based on the granu-
lar structure, the corresponding granular computing model
is constructed to deal with various data analysis problems.
Therefore, this idea of granulating and processing the com-
plex data is called granular computing method. In recent
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years, granular computing has become a popular research
branch in the fields of knowledge discovery and data analy-
sis.

In 1979, Zadeh (1979) published a paper entitled fuzzy
sets and information granularity, in which they first pro-
posed the concept of information granule. Since then, people
have been interested in using information granules to repre-
sent data information in information systems (Li et al. 2019,
2020a,b; Xu and Li 2016). Therefore, a series of granular
computing models are defined based on various information
granules. In 1985, Hobbs (1985) discussed the decomposi-
tion and merging of granules, and how to get granules with
different sizes, and proposed a model to generate granules
with different sizes. In addition, in order to deal with the prob-
lem solving, the quotient space model is proposed (Zhang
and Zhang 1992). The idea of quotient space theory is that
different quotient spaces can be constructed for the same
problem, so as to get different solutions from various angles
and levels. Finally, based on these solutions, the solution of
the original problem can be accurately described. Lin (2000)
discussed the granular computing model in binary relation,
and discusses the granular structure, granular description,
and granular application. On the basis of Lin’s work, Yao
(1998, 2001) proposed the granular computing model based
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on neighborhood system. This model led to solve the prob-
lem of consistent classification by using the lattice composed
of all partitions and provided a new method and perspec-
tive for knowledge mining. Based on probability theory and
fuzzy mathematical theory, Li et al. (1995) introduced the
cloud model which can realize qualitative and quantitative
mutual conversion. An et al. (2005) put forward a granular
computing model based on tolerance relation. To sum up, we
can see that scholars define information granules by different
methods and then build corresponding granular computing
models to solve various theoretical and practical problems.
As a wonderful number, “3” plays an important role in peo-
ple’s daily life and work. Three-way decisions are ternary or
ternary thinking, which can also be understood as a granu-
lar computing model based on three granules. By adding the
“uncommitted” option to the traditional “accept” and “reject”
options, Yao (2010, 2012, 2016, 2018) proposed a three-way
decision model by dividing the research objects into three dis-
joint parts, which can effectively avoid the loss caused by the
false acceptance or rejection under the uncertainty of object
cognition, and improve the accuracy of decision.

When dealing with data mining and knowledge discov-
ery with granular computing method, we find that different
granular structure can be induced in the same information
system. Based on these granular structures, various granu-
lar computing models can be defined to solve the practical
problems. For example, Pawlak (1982) proposed the rough
set model in 1982. Its essential idea is to define two exact
sets (upper and lower approximation sets) to describe a set
with fuzzy boundary by using a partition on the universe.
Rough set model can effectively analyze data without any
prior knowledge, so it has been widely concerned and stud-
ied as soon as it is proposed. In order to better describe and
reflect the characteristics of data, Zakowski (1983) extended
the partition of the universe to the covering in 1983, and
established the covering rough set model. Covering rough
set model is one of the most important models in rough set
theory. Until now, it is still a hot topic to analyze data with
covering rough set models (Xu and Zhang 2007; Zhu and
Wang 2012; Wang et al. 2015). Sometimes, based on the dif-
ferent attributes of information system, we can get a serious
of partitions. In order to integrate these partitions to obtain
the required knowledge, Qian et al. (2010a,b) established
a multi-granulation rough set model based on multiple par-
titions. This multi-granulation rough set model provides a
very effective method to solve the problem of information
fusion (Li et al. 2016; Xu and Guo 2016; Xu and Yu 2017;
Kong and Xu 2019; Sun et al. 2019; Yang et al. 2020). In
particular, many scholars have extended multiple partitions
to multiple coverings, and further proposed and studied the
multi-granulation rough set models based on multiple cover-
ings (Lin et al. 2013; Liu et al. 2014; Qian et al. 2014; Zhang
and Kong 2016; Kong and Xu 2018).
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Although rough set theory has been widely studied, there
are still many deficiencies to be solved. On the basis of
previous studies, this paper attempts to discuss the follow-
ing problems. For instance, through the above analysis, four
kinds of granular structures can be induced by an information
system, which are granular structures based on one partition,
one covering, multiple partitions and multiple coverings,
respectively. Furthermore, the Pawlak rough set model, the
covering rough set model, the multi- granulation rough set
model based on multiple partitions and the multi-granulation
rough set model based on multiple coverings are established,
respectively. These four kinds of granular structures and
rough set models have their own advantages and disadvan-
tages in solving practical problems. So we naturally raise
a question: how many kinds of granular structures can be
induced from the same information system? At the same
time, what is the relationship among the rough set models
based on these granular structures? Finally, as the reduc-
tion theory is a very important research topic of granular
computing method (Kong et al. 2020; Long et al. 2020;
Wang et al. 2020), then what are the similarities and differ-
ences of the reduction theories of these granular structures?
If these three questions can be answered well, we would
have a deep understanding of the interrelationship between
the granular structures and the rough set models. The pur-
pose of this paper is to highlight the advantages of each
granular structure and granular computing model and over-
come their own shortcomings. When we analyze data and
discover knowledge, three kinds of information systems are
often involved, which are the binary information system, the
multi-valued information system and the set-valued informa-
tion system, respectively. Based on the data characteristics of
these three kinds of information systems, there will be many
differences in the information granules and granular struc-
tures induced from these information systems. The rough set
models based on these granular structures are also different.
Finally, there are many similarities and differences among the
reduction theories of these granular structures. In this paper,
the induced granular structures in binary information system,
multi-valued information system and set-valued information
system, the relationship among the rough set models based
on these granular structures, and the similarities and differ-
ences among the reduction theories based on these granular
structures are deeply studied, respectively.

The rest of this paper is organized as follows. In Sect. 2, the
concepts of information granules and four kinds of granular
structures induced by information system are reviewed at the
beginning. And then the rough set models generated by these
four kinds of granular structure are introduced. Finally, the
concepts of reduction related to these four kinds of granular
structures are shown. In Sect. 3, four kinds of granular struc-
tures induced by binary information system are studied. At
the same time, the relationship among the rough set models
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related to these granular structures is discussed systemati-
cally. Then the reduction theories among the four kinds of
granular structures are compared. In Sect. 4, three kinds of
granular structures induced by multi-valued information sys-
tem are studied. Then the rough set models and reductions
based on these granular structures are comparatively studied.
In Sect. 5, the granular structures induced by set-valued infor-
mation system are studied. Then, the corresponding rough set
models and reduction theories are further comparatively dis-
cussed. Section 6 gives a brief review and summary of this
paper and introduces the follow-up research works.

2 Preliminaries

Generally speaking, an information table or an informa-
tion system can be defined by a tuple as follows (Pawlak
1981): I = (OB, AT, {V,|la € AT}, {fala € AT}), where
the universe OB = {x1,x2,...,X,} iS a nonempty finite
set; AT = {ay,as,...,a,} is a nonempty attribute set;
V =Ugear Vo> Vo, = Va1, Vg2, - -+, Ua,-l,-} is the domain
of attribute ¢;; f, : OB — Vj;, is an information function.
We use f, (x) to denote the value of object x on attribute
ai, i = 1,é,...,m

2.1 granules and granular structures induced by the
information system

Based on different data characteristics and considerations,
multiple granular structures are often induced from the same
information system. Then, according to these granular struc-
tures, the corresponding rough set models are established to
deal with the data problems in various environments. Next,
the concept of elementary information granules in informa-
tion system is introduced, and then several kinds of granular
structures induced from the same information system are
shown.

Definition 2.1 Suppose that I = (OB, AT, {V,|la € AT},

{fsla € AT}) is an information system. gﬁfli ;= {x €
OBlvy; € fa,— (x)} is called an elementary information
granule with respect to @; and vy, ;, i = 1,2,...,m and
ji=12,...1.

Definition 2.2 Suppose that I = (OB, AT, {V,|la € AT},
{fsla € AT}) is an information system. Par = {g1, &2,
.., 8s} is called a partition of O B with respectto AT, if (1)
forany g € Par andany x, y € g, fo,;(x) = fo,(¥),1 =
1,2,...,m.; (2) for any g g € Par, any x € g and any
y € g ,there exists a € AT such that f,(x) # fa.(y);
(3)Ui_,g = OB.

Definition 2.3 Suppose that I = (OB, AT, {V,la € AT},
{fsla € AT}) is an information system. C4r is called a

covering of O B with respect to AT, if (1) C47 is a family of
nonempty subsets of O B; (2) UC4s7 = OB.

Based on any attribute a in an information system, a parti-
tion P, of O B can often be induced. In this way, m partitions
Par> Pays - - - s Pa,, of OB can be developed according to the
attribute set AT = {ay, as, ..., an}. Then a multi-partition
granular structure Pa7 = {Pq,, Puy, - - . » Pa,,} will be devel-
oped.

Definition 2.4 Suppose that I = (OB, AT, {V,|la € AT},
{fala € AT}) is an information system. Par = {Py,, Py,

.+ Pa,,} 1s called a multi-partition of O B with respect to
AT, if for any P, € Py, P, is a partition of O B.

For any attribute a in an information system, sometimes
a covering C, of OB will be induced. Then, m coverings
Cay, Cay, - -, Cq,, of OB can be developed according to the
attribute set AT = {ay, ay, ..., a,}. Then a multi-covering
granular structure Co7 = {Cq,, Cqy, - . ., Cq,, } Will be built.

Definition 2.5 Suppose that I = (OB, AT, {V,|la € AT},
{fala € AT}) is an information system. Car = {Cg,, Cq,,

Cq,,} is called a multi-covering of O B with respect to
AT, if for any C, € Cu7, C, is a covering of O B.

2.2 Rough set models based on different granular
structures

For a granular structure, a rough set model can be proposed
by defining the lower and upper approximation operators. In
this subsection, four kinds of rough set models are reviewed
in turn: Pawlak rough set model, covering rough set model,
multi-granulation rough set model based on multiple par-
titions, and multi-granulation rough set model based on
multiple coverings.

Definition 2.6 Suppose that I = (OB, AT, {V,|la € AT},
{fsla € AT})isaninformation system and P4 is a partition
of O B with respectto AT. For any X C OB,

apry, (X) =U{P € Par|P S X},

aprp,, (X) = U(P € Par|P N X # 0}

are called the lower and upper approximations of X with
respect to the partition P4r.

In 1983, Zakowski (1983) first proposed the lower and
upper approximation operators in an information system.
Obviously, covering rough set model is a direct extension
of Pawlak rough set model.

Definition 2.7 Suppose that I = (OB, AT, {V,|la € AT},
{fala € AT})is aninformation system and C 47 is a covering
of O B with respectto AT. For any X C OB,

— C
aprjAT(X) U{K € Car|K C X},
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apre,, (X) =~apr, (~X)

are called the lower and upper approximations of X with
respect to the covering Car.

Different from Pawlak rough sets based on single equiv-
alence relation, Qian et al. (2010a,b) proposed two rough
set models called the optimistic and pessimistic multi-
granulation rough sets by using multiple equivalence rela-
tions.

Definition 2.8 Suppose that I = (OB, AT, {V,|la € AT},
{fsla € AT}) is an information system and Pjr =
{Pays Pays - - - » Pa,, } is a family of the partitions of O B with
respect to AT. Forany X € OB,

aprf (X)=Ufx € OB|(x € Pi(€ Pa)) C X)

Par

V(x € P2(€Py) S X)) V-V (x €Pp(ePy,) S X))}
aprg,, (X) =~ aprl (~X)

are called the optimistic lower and upper approximations of
X with respect to the family of the partitions P4 7.

Definition 2.9 Suppose that I = (OB, AT, {V,|la € AT},
{fsla € AT}) is an information system and Psr =
{P1, P2, ..., P} is a family of the partitions of O B with
respect to AT. Forany X € OB,

apry (X)=U(x € OB|(x € Pi(€ Py) € X)

ANx € Pa(€Py) SX)N---AN(x € Pyu(ePy,) € X)},
apry,, (X) =~ aprl (~X)

are called the pessimistic lower and upper approximations of
X with respect to the family of the partitions P47.

Multi-granulation rough set model based on multiple cov-
erings is proposed in recent years. The three kinds of rough
set models mentioned above can be regarded as its special
cases.

Definition 2.10 Suppose that I = (OB, AT,{V,la €
AT}, {fala € AT}) is an information system and Car =
{Ca;,Cay, - .., Cq,} is a family of the coverings of O B with
respect to AT. Forany X € OB,

apr® (X)=Ulx € OB|(x € Ki(€ Ca) € X)
\/(X S KZ(G CﬂZ) - X) VeV ()C c Km(e Cam) c X)},

apre,, (X) =~ aprg (~X)

are called the optimistic lower and upper approximations of
X with respect to the family of the coverings C47.
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Definition 2.11 Suppose that I = (OB, AT,{V,la €
AT}, {fala € AT}) is an information system and Cr =
{Cay» Cay, - .., Cq, } is a family of the coverings of O B with
respectto AT. Forany X € OB,

aprf (X)=Ufx € OBI(x € K1(€ Ca)) € X)
/\(X € KZ(G Ca2) - X) A A (x c Km(E Cam) c X)},
apre.,, (X) =~ apr{ (~X)

are called the pessimistic lower and upper approximations of
X with respect to the family of the coverings C47.

2.3 Reducts based on different granular structures

Reduction is always a very important research content of
granular computing theory. No matter what kind of granular
computing model, its results of reduction theory are very rich.
Here, we give the concepts of reduction for the four kinds of
granular structures mentioned above.

Definition 2.12 Suppose that I = (OB, AT,{V,|la €
AT}, {fala € AT}) is an information system and Par is
a partition of OB with respect to AT. For any a € AT, if
Par = Par/a), We say that a is a reducible attribute of
AT with respect to Par, and a is denoted by Areductp >
otherwise, we say that a is an irreducible attribute of AT
with respect to Par. If AT’ C AT meets two conditions:
(1) for any a € AT/ AT', a is the reducible attribute of
AT with respect to Pa7; (2) for any a € AT/, a is not the
reducible attribute of AT with respect to P47. Then AT is
called the reduct of AT with respect to P47, and denoted by
reduct(AT)p,,.

Definition 2.13 Let I = (OB, AT, {V la € AT}, {f,la €
ATY) be an information system and C47 a covering of O B
with respect to AT. For g € Car, if g is the union ( or inter-
section) of some sets in C/{g}, we say that g is the union (or
intersection) reducible element of C47, and g is denoted by
(&)reductc, ., (O (&)reducic ., o ); Otherwise, we say that g
is the union (or intersection) irreducible element of C47. If
c C Car meets two conditions: (1) for any g € CAT/C,,
g is the union (or intersection) reducible element of C4r;
(2) for any g € c, g is not the union (or intersection)
reducible element of Co7. Then C is called the union (or
intersection) reduct of C47, and denoted by reduct(Car)u
(or reduct(Car)n).

Definition 2.14 Suppose I = (OB, AT,{V,la € AT},
{fala € AT}) is an information system and Psr =
{Pa;s Pays - - -, Pa, } is a family of the partitions of O B with
respectto AT .Foranya € AT andany P € P,, if there exist
Py CPar/{Pa)and P C P e P, (or P e P e P,,)

such that P = UﬁeP;T(UP/) (or P =Npp TP’), then
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a is called the union (or intersection) reducible attribute of
AT with respect to P47, and a is denoted by Areductp
(or Areductp 7 ). Otherwise, a is called the union (or inter-
section) irreducible attribute of AT with respect to Pyr. If
AT C AT meets two conditions: (1) for any a € AT/AT/,
a is the union (or intersection) reducible attribute of AT with
respect to P47; (2) for any a € AT, a is not the union (or
intersection) reducible attribute of AT with respect to P7.
Then AT is called the union (or intersection) reduct of AT
with respect to P47, and denoted by reduct (AT )p,, u (or
reduct(AT)p,, 0 ).

3 The granular structures induced by the
binary information systems

For an information system I = (OB, AT, {V,|la € AT},
{fala € ATY}), where AT = {ay, az, ..., ay}, I is called the
binary information system or a 0—1 information table, if for
eacha € AT,V, = {0, 1}, where f,(x) = 1 means that x
has the attribute a, f,(x) = 0 means that x does not have
the attribute a. In this section, we mainly pay attention to the
study of granular structures induced by the 0—1 information
table, and suppose that for each x € O B, there exist a, a e
AT suchthat f, (x) =1and f,(x) =0.

In this section, we first introduce the induced elementary
information granules and four kinds of granular structures
induced by the 0-1 information system, then explore the
inclusion relationship among the rough set models devel-
oped from these granular structures, and finally compare the
relationship among the reductions based on these four kinds
of granular structures.

3.1 Granules and granular structures induced by the
binary information systems

From the 0O-1 information table, the elementary granular
structures first can be induced as follows:

G={g% ={xecOBIf,(x)=j}
i=1,2,...,m, j=01)

For any a € AT, g‘f is the set of all objects with attribute a,
and g is the set of all objects without attribute a.

Based on the 0-1 information table and the elementary
granular structures, four kinds of special granular structures
can be explored as follows:

(1) The partition of O B with respect to AT:

Par =1{g1,82,---, 85} (1

Table1 A 0-1 information OB
table

2
S
)
S
(58]
2
£

xi
x2
X3
X4
X5
X6

x7

— e OO = OO =
—_ O O O O = O O
S = = _- O = = o

—_ O O = e O = e

X8

where for any x,y € g € Par, fo,,(x) = fo,(y),i =
1,2, ..., m. For any g/, g” € Par,any x € g/ and any
y € g//, there exist @ € AT such that f,(x) # f.(y).
And Uj_ g = OB.

(2) The covering of O B with respect to AT
Car =1{g7". 85" 817 85° - - 81", &™) 2)
Car consists of all elementary information granules in
the information system.

(3) The multi-partition of O B with respect to AT
Par ={Pu;s Pay» - - - Pa, } 3)
where Py, = {g{". g’} i =1,2,...,m.

(4) The multi-covering of O B with respect to AT:

Car = {C1, Co} “)
whereC; = {g{", g1%, ..., g{"},andCo = {g". g5°. - - -,
gg“}. Based on the above analysis, a binary information
table can induce four kinds of granular structures. In the
following, we give an example to explain the induced
elementary information granules and granular structures
in the binary information table.

aj
1

Example 3.1 Here is a 01 information table I = (OB, AT,
{(Vala € AT}, {fala € AT}),where OB = {x1, x2, ..., xg},
AT = {ay, a», a3, as}. More details can be shown in Table
1 as follows.

Based on Table 1, all of the elementary granules can be
shown as follows:

aj ai . ap

g = f{xi,xa,x7,x8}, 80 = {x2,x3,x5,%6}; §)° =
{x1,x2, x4, x5, x8}, 8> = {x3, X6, X7}; 817 = {x3, x8}, &° =
{x1,x2, x4, x5, X6, x7}; 81" = {x2,x3,x5.%6, X7}, 8p" =
{x1, x4, xg}.

According to these elementary granules, four kinds of
granular structures can be induced as follows:

(1) The partition of OB with respect to AT: Par =
{{xr, xa}, {x2, x5}, {x3}, {xeh {x7}, {xs})s
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(2) The multi-partition of O B with respect to AT: Par =
{77{“, P(l27 'Pag’ Pa4} —{{81 78()} {gl ’goz} {g] s
g0’ ), {g1% go* 1y ={{{x1, x4, x7, x8}, {x2, x3, x5, x6}},
{{x1, x2, x4, x5, x8}, {x3, x6, x7}}, {{x3, x8}, {x1, x2, x4,
Xs, X6, x7}}, {{x2, X3, x5, X6, X7}, {X1,X4,x8}}};

(3) The covering of OB with respect to AT: Car =

{7, &0 &1 805 &1 &0 &1 &0} =l{x1, x4, x7,
xg}, {x2,x3,xs5, %6}, {x1,x2,x4, x5, x8}, {x3, %6, X7},
{x3,x8}, {x1,x2, x4, x5, x6, X7}, {x2, x3, X5, X6, X7},
{x1,x4,x8}};

(4) The multi-covering of O B with respect to AT': (CAT =
{C1.Co} = ({g1" 8% 81- 81"), {&0' 807> &0 g0 1)
={{{x1, x4, x7, xg}, {x1,x2, x4, x5, x8}, {x3,x8}, {x2,
X3, X5, X6, X7}, {{x2, X3, x5, X6}, {x3, x6, X7}, {x1, X2,
X4, X5, X6, X7}, {X1,X4,X8}}}.

3.2 The relationship among the rough set models
induced by the binary information systems

We know that four kinds of granular structures can be induced
from a binary information table, and then four rough set mod-
els can be constructed according to these granular structures.
In this subsection, we study the relationship among these
rough set models.

Proposition 3.1 Suppose that I = (OB,AT,{V,la €
AT}, {fala € ATY}) is a 0-1 information system. For any
X C OB, the following results hold.

(1) aprg (X)=apr{ (X)=apr, (X)CSapr, (X)
(2) @prp,, () S apFE,, (X) =aprd, (%) = apre,, (X)

Proof 1t is clear from the definitions of Egs. (1)-(4). m]

Example 3.2 (ContinuedfromExample3 l)ForX
X4, X5}, we have that aprMC X)) = apr
ey X = (X) = {xl,xz,xm xs}- Then
aprg (X)=aprg (X)=apr, (X)CSapr, (X).

For Y = {x3, x¢, x7, x3}, we have that Wz?/lcﬂ Y) =
aprp, (Y) = apre,, (Y) = OB.aprp,, (¥) = {x3, %
x7,x8). So aprp,, (X) € aprg, (X) = aprg, (X) =
apre,. (X).

What is the relationship between ﬂ]}}:” (X) and apr, éAT
(X) (apr., (X)andapry, (X)). Let’s illustrate this prob-
lem with an example.

{x1, x2,
X =

apr v.aprp,,

Example 3.3 On the one hand, suppose that gfl
x3}, 80" = {x4, x5, %6, x7,x8}, 81> = {x4, x5, X6, X7, X8},
az as as
8y = {x1,x2, x3}, 81" = {x1, x2, x3, x4}, gy° = {xs, x6, x7,
xg} are the elementary information granules of an informa-
tion system. For X = {x1, x2, x3},wehavethatapr§A (X) C
— AT

aprl. (X)andapr{, (X) € aprg,, (X).

= {x1, x2,
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On the other hand, let g{' = ({xi,x2,x3},85' =
{x4. x5}, 81> = {x1,x2,x3}, 85> = {x4, x5} be the elemen-
tary information granules of some information system. For
X = {x3, x4, x5}, we have that aprP (X) C aprP (X)

—Car —Par

andapry (X) Capre, (X).

3.3 The relationship among the reducts induced by
the binary information systems

Reduction is a hot issue in granular computing theory. Based
on the binary information system, four kinds of granular
structures can be induced. In this part, we first give the defini-
tions of reductions on the corresponding granular structures,
and then compare the relationship among the reductions.

Definition 3.1 Suppose that I = (OB, AT, {V,|la € AT},
{fsla € AT}) is a 0-1 information system, and Ca7 =
{g1". 80" 812, 857+ ---» 81" 8y} is a covering of O B with
respect to AT. For any a € AT, there exist C; C
Car/{g], 8g} such that g/ = Ugec,g (or g = Ngec; &),
where i = 0, 1, then a is called the union (or intersection)
reducible attribute of AT with respect to C4o7, and denoted
by Areducic yp. ( or reducic yp ). If AT’ C AT meets two

conditions: (1) foranya € AT /A T, a is the union (or inter-
section) reducible attribute of AT with respect to Cr; (2) for
any a € AT,, a is not the union (or intersection) reducible
attribute of AT with respect to C47. Then AT’ is called the
union (or intersection) reduct of AT with respectto C47, and
denoted by reduct(AT)¢c,,.u ( orreduct(AT)c,; A )-

Definition 3.2 Suppose that I = (OB, AT, {V,|la € AT},
{fsla € AT}) is a 0-1 information system and Ca7 =
{C1, Co} is a multi-covering of OB with respect to AT. If
g? is the union (or intersection) of some sets in C;/ {g?}
(where C; € Cyur), then g;? is called the union (or inter-
section) reducible element of C47 with respect to C;, and
is denoted by (g;?)reductCAT,u ( (g?)reduchATﬂ ), wherej =
0,1,and a € AT. Meanwhile {reduct(Cy)u, reduct(Cy)u}
( {reduct(Cy)n, reduct(Cy)n} ) is called the union (or inter-
section) reduct of C47, denoted by reduct(Car)y ( or

reduct(Car)n ).

Definition 3.3 Suppose that I = (OB, AT, {V,|la € AT},
{fsla € AT}) is a 0-1 information system and Cu7 =
{C1, Co} is a multi-covering of O B with respect to AT. For
any a € AT, and any g € C;, there exist le C Ci/{gf'}
(where C; € Ca7) such that gf = Ugecl_/g (org! = ﬂgecl(g
), i = 0,1, then a is called the union (or intersection)
reducible attribute of AT with respect to C 47, and denoted

by reductc ;.0 (or reducic .0 ). I/f AT’ C AT meets two
conditions: (1) foranya € AT /AT , a is the union (or inter-
section) reducible attribute of AT with respect to C47; (2)
foranya € A T/, a is not the union (or intersection) reducible
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attribute of AT with respect to C47. Then AT is called the
union (or intersection) reduct of AT with respect to Cyr,
denoted by reduct(AT)c,,,u (or reduct(AT)c 7.0 )-

Firstly, we study the influences of reductions among these
rough set models, and find that different reductions have
different effects on these rough set models. The detailed con-
clusions are presented as follows.

Proposition 3.2 Suppose that I = (OB, AT,{Vyla €
AT}, {fala € AT}) is a 0-1 information system. For any
X C OB, the following results hold.

(1) apr, gueraryp,, X) = aPp,  (X)s P requcr(aT)p,,
(X) = aprp,, (X);

ﬂreduct(AT)cAT,u (X) = %AT (X)’
(X) =apre,, (X);

(2)

aprreducl(AT)cAT‘u

(3) 9P oduct Car)u X) = e AT(X)’ @PT reduct(Car)u
(X) = apre,, (X);
0 = apr© apr?
B AP quer(atye g o ) = WP (XD T eaueraTye

(X) = aprg, . (X);

P _ P
9PT s educt(AT)p 7 (X) =aprg, . (X),
(X) =aprg, (X);

——P
aprrea’uct(AT)]pAT U

(5)

o _ o —0
(6) %reduct((CAT)U (X) - @CAT (X)’ aprreduct((CAT)u (X)
=aprg,, (X);
P _ P —P
(7) ﬂreducl((CAT)U X) = ﬂCAT X), aprredUCf(CAT)U

(X) = aprg.,, (X);
ﬂroeduct(AT)C“,u(X) = ﬂgﬂ (X),
(x) =aprg,, (X);
%Zduct(AT)cAT,U(X) = aprg, (X,

(X) =apr(., (X).

0
aprreduct(AT)CAT,U

(8)

——p
aprreduct(AT)CAT,U

9)

Proof 1t is clear from the definitions of reductions and
approximation operators. O

Proposition 3.3 Suppose that I = (OB, AT,{V,la €
AT}, {fala € AT}) is a 0-1 information system. For any
X C OB, the following results hold.

(1) ﬂreduC,(AT)CATm(X) € apry (X), APTrequet(AT)c .0
(X) 2 apre,, (X);

%reducl(CAT)ﬂ (X) < %AT (X)’ mred”d(c“)m (X)
2apre,, (X);

Mfeducz(AT)u»ATM (X) = Mﬁ:AT (X)’
(X) 2 aprg,, (X);
ﬂg’duct(AT)[pATﬂ (X) < ﬂgﬂ X,
(X) 2 aprg,, (X);
%f’educl(AT)u»ATﬂ X) < ﬂl{;u 0,

(X) 2 aprg,, (X);

(2)

——P
aprreduct(AT)H»AT,u

(3)

APTreduct(AT)p .1

(4

——P
aprreduct(A T)EDAT,Q

()

(6) apr®

—~ reduct(Car)n
—0 .
2 apre, (X);

19) —=0
(X) S apre (X), GpT L quenc ppynX)

(7) (X) Caprf (X),
— VAT

——p
C aprreduct((CAT)m(X)

P
ﬂreduct((CAT)m
__p .
2 apr(CAT (X):

—0
aprreduct(AT)CAT,m

(8)

o o
ﬂreducl(AT)(CATm X) < %(CAT X),
(X) 2 aprg,  (X);

P ——P
m(X) = mCAT (X), aprreduct(AT)CAT,m

9)

P
%reduct(AT)cATy

(X) 2apre,, (X).

Proof Tt is clear from the definitions of reductions and
approximation operators. O

Based on the granular structure C47, the definitions of four
kinds of reduction are proposed, from which four kinds of
covering rough set models can be developed. Then the rela-
tionship among the approximation sets of these four kinds of
rough set models is discussed.

Proposition 3.4 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY}) is a 0-1 information system and Car
is a covering of O B with respect to AT. Forany X € OB,
the following results hold.

(1) X)

%reduct(c,n)m

(X) < aprreduct(AT)cAT'm(

(X);

< _aprreduct(CAT)u X) < ﬂ”“’”I“C"(AT)CATvu
aprreduct(AT)CAT,U (X s

(2) (X)

APT reduct(Car)y
S aPTreduct(AT)¢ p. 1 (X) S APTeducrCar)n (X)-

Proof (1) Firstly, based on the definitions of reduct(Car)n
and reduct(AT)c,,.n, for each g € reduct(Car)n, there
exists a € reduct(AT)c,, n such that ¢ = gf or
g = g;- Then according to Definition 2.7, we have that
ﬂreduct(CAT)m X) € %reduct(AT)cATﬂ(X)'

Secondly, since reduct(Ca7)y is the union reduction
of C, for each X C OB, equation ﬂreduct(c'”)u (}'() =
apre . (X) holds. And because reduct(Car)y is the inter-

section reduction of C, for each X < OB, one can

find that DY et Carin (X) < apr o (X) holds. So
Mreduct(CAT)m X) € wreduct(CAT)u X).

Finally, based on the definitions of reduct(C4r)y and
reduct(AT)c,, u, for each g € reduct(Car)yu, there

exists a € reduct(AT)c,,u such that ¢ = gf or
g = g&;- Then according to Definition 2.7, we have that
ﬂreduct(c;,r)u X) € wreduct(AT)cAT’u(X)'

(2) The proof of (2) is similar to that of (1). O

According to the granular structure P47, the definitions of
four kinds of reduction are introduced, from which four kinds
of multi-partition rough set models can be developed. Then
the relationship among four kinds of rough set models is
discussed.

@ Springer
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Proposition 3.5 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY}) is a 0—1 information system and Pt is a
multi-partition of O B with respectto AT. Forany X C OB,
the following results hold.

(X)

N

P
(1) apr reduct(AT)[pATm aprTEdMCt(AT)JPAT.u(X)

o
C
- aprreduct(AT)pAT U

)

—p
(2) aprreduct(AT)[pAT u( aprreduct(AT)]pAT,u(X)

- apr

(3) apr reduct(AT)D» AN

C 0
= apr reduct(AT)pAT U

(X
)
feduct(AT)pATm( );
X) < apr® (X)
(X
)
(X

reduct(AT)]pATﬂ
);

—=0
4) aprreduct(AT)IP’ T,u( aprmd““(AT)]P’ATﬂ(X)

P

< aprrea’uct(AT)]pAT n )

By the granular structure C47, the definitions of two kinds
of reductions are proposed, from which four kinds of
multi-covering rough set models can be explored. Then the
relationship among the approximation sets of these four kinds

of rough set models is discussed.

Proposition 3.6 Suppose that I = (OB, AT,{V,la €
AT}, { fula € AT}) is a 0-1 information systemand C o7 isa
multi-partition of O B with respectto AT. Forany X C OB,
the following results hold.

(X) C apr (X)
(X) = apr

—p
(2) aprreducl((CAT)U (X) -

(1) apr reduct((CAT)m

C
- &reduct(AT)cATYu

reduct(AT)CAT n

(X);

reduct((CAT)u
aprreduct(AT)CAT,U (X)

——P .
capr, aprreduct(AT)CAT m(X) < aprreduct((CAr)m (X);

]
(3) apr reduct((CAT)m( ) = aprmd””(AT)CAT-”(X)
< apr reduct(AT)CAT U(X) =apr VEdMCf(CAT)U( )

(4) aprreduct((CAT)u( ) = aprred””(AT)‘CAT U(X)

—0
< aprreduct(AT)CAT,m(X) - aprreduct((CAT)m( )

According to Example 3.1, we have Pa7/(a,) = Par.
i.e. aq is a reducible attribute of AT with respect to Par.
Then, for any X € OB, aprPAT (X) =aprp (X) and
aprpAT/ (X) =aprp,, (X). So for any X C OB, do the
upper and lower approximation sets of X shown from Defi-
nitions 2.3-2.11 remain unchanged? The following example
answers this question.

Example 3.4 (Continued from Example 3.1) According to
Definitions 2.3-2.11, we have the following results.

(1) For X = {x1, x2, x4, xg}, we have that ﬂcAT(X) =
{x1, x4, xg}, AP e (X) = 0, then ﬂcAr/w(X) #*
apr.

0 S1m11arly, aprCAT/{M)(X) #apre,, (X).

@ Springer

(2) For X =

0
X1, X4, xg}, apr
ter, xq, xg}, apry

{x1, x2, x4, xg}, we have that %SAT(X) =
(X) = ¢, then aprO (X) #
ﬂg” (X); Similarly, apr]PAT/ (X) # aprPAT(X)

(3) For X =

{x1, x4, xg}, apr?

{x1, x2, x4, X5, X8}, we have that ﬂl;” (X)) =
( ) = @, then apr]{; (X) #

IP’AT/ ——ICAT /{ag)}
ﬂgﬂ (X); Similarly, aprﬂ’;“w (X) # aprp,  (X).

(4) For X = {x1, x2, x4, xg}, we have that E&T(X) =
{x1, x4, x5}, aprgAT/{ (X) = @, then aprO (X) #
gg (X); Similarly, apr apr(CAT/ (X )#W (X)

(5) For X = {x1,xz,x4,x5,xg},wehavethatﬂéAT(X) =
{x1, x4, xg}, apr®

— P
AP e (X) = (J, then apr . (X) *
apr, g (X); S1m11arly, apr(c oy ) ;ém (X)

Based on Example 3.4, for any X C O B, before and after
attribute a4 is deleted from Table 1, the lower and upper
approximations of X defined from Definitions 2.3-2.7 may
be changed.

In the above, we mainly study the relationship of different
reductions from the perspective of rough set model. Next, we
will compare and study the relationship among the different
reduction elements or reduction attributes.

Proposition 3.7 Suppose that I = (OB, AT,{Vyla €
AT}, {fala € AT}) is a 0-1 information system. If a € AT
is a union (or intersection) reducible attribute of AT with
respect to Par, then the following results hold.

(1) a € AT is a reducible attribute of AT with respect to
Par;

(2) a € AT is a union (or intersection) reducible attribute
of AT with respect to CaT;

(3) gg and g{ are both the union (or intersection) reducible
elements of CAr.

Proof Here, we prove the theorem only when a is an union
reducible attribute of AT with respect to P4 7. In the case that
a is an intersection reducible attribute of AT with respect to
P 4r, the proof of the theorem is omitted.

(1) Let P47 be the multi-partition of OB. For each P €
P, € Pyr, there exists S € U(Pa7/P,) such that P =
US. For each x € P, there are a set family P € G
and a set P € Par so that x € P’ = NP. Denote
Sy = {g € S|x € g}, one can find that for each g € Sy,
g € P.Since a € AT is a union reducible attribute of
AT with respect to P47, so Sy U P € P. That is to say
that P = NP = NS, N P N (P/(Sx U P)) =NSx N
(P/(Sy U P))=N(P/P). Therefore, based on Definition
2.12,a € AT is areducible attribute of AT with respect
to Par.
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(2) If a € AT is aunion (or intersection) reducible attribute
of AT withrespect to P47, according to Definitions 2.12
and 2.13, it is easy to see that a € AT is a union (or
intersection) reducible attribute of AT with respect to
Car.

(3) Based on Definitions 2.12 and 3.1, it is clear that the
conclusion is true.

O

Proposition 3.8 Suppose that I = (OB,AT,{V,la €
AT}, {fala € AT}) is a 0-1 information system. If a € AT
is a union (or intersection) reducible attribute of AT with
respect to Pt if and only if a € AT is a union (or intersec-
tion) reducible attribute of AT with respect to CAT.

Proof Based on the structure characteristics of Pa7, Car,
and Definitions 2.14 and 3.1, it can be seen that the proposi-
tion is obviously correct.

Proposition 3.9 Suppose that I = (OB,AT,{V,la €
AT}, {fala € AT}) is a 01 information system. If a € AT
is a union (or intersection) reducible attribute of AT with
respect to C 4, then the following results hold.

(1) a € AT is a reducible attribute of AT with respect to
Par;

(2) a € AT is a union (or intersection) reducible attribute
of AT with respect to Par

(3) a € AT is a union (or intersection) reducible attribute
of AT with respect to Car;

(4) gg and g{ are both the union (or intersection) reducible
elements of Car;

(5) g and g{ are the union (or intersection) reducible ele-
ments of C a1 with respect to Cy and Cy, respectively.

Proof According to Proposition 3.7 and other relevant defi-
nitions, all conclusions are obvious. |

Proposition 3.10 Suppose that I = (OB, AT,{V,la €
AT}, {fula € ATY) is a O-I information system. If g; and
g are the union (or intersection) reducible elements of C s
with respect to Co and Cy, respectively, the following results
hold.

(1) a is a union (or intersection) reducible attribute of AT
with respect to Cur;

(2) a is a union (or intersection) reducible attribute of AT
with respect to Cot;

(3) g(‘)’ and g$ are both the union (or intersection) reducible
elements of CAr.

Proof Obviously, all the conclusions are true. O

Proposition 3.11 Suppose that I = (OB, AT,{V,la €
AT}, {fala € AT}) is a 0-1 information system. If a € AT
is a union reducible attribute of AT with respect to Cur if
and only if a € AT is an intersection reducible attribute of
AT with respect to C 7.

Proof Based on the structure characteristics of C 47 and Def-
inition 3.3, it can be seen that the proposition is obviously
true. O

Through the discussion from Propositions 3.7-3.11, the rela-
tionship among all reductions is systematically discussed. In
order to know the relationship among all reductions better,
a relationship diagram among these reductions are shown as
follows (Fig. 1).

4 The granular structures induced by the
multi-valued information systems

For an information system I = (OB, AT, {V,la € AT},
{fala € AT}), where AT = {ay,az,...,am}, I is
called the multi-valued information system or the multi-
valued information table, if for each a; € AT,V, =
{vg;1, Vg2, - - -, vaili}, i = 1,2,...,m. In this section, we
mainly pay attention to the study of elementary granules and
granular structures induced by the multiple-valued informa-
tion table.

In this part, we first study the induced elementary informa-
tion granules and three kinds of granular structures coming
from the multi-valued information system. Then we dis-
cuss the inclusion relationship among the rough set models
obtained from these granular structures. Finally we will com-
paratively researched the relationship among the reductions
according to these three kinds of granular structures.

4.1 Granules and granular structures induced by the
multi-valued information systems

From the multi-valued information table, the elementary
granular structures first can be induced as follows:

g =g, = (x € OBIf, (x) = vg;}}
i=1,2,....m,j=1,2,...,1}
In the last section, we know that four kinds of granular
structures can be induced in binary information system. In the

multi-value information system, only three kinds of granular
structures can be induced as follows.

(1) The partition of O B with respect to AT:

PAT:{g13g27'~'3gS} (5)
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(gtll)reductc and (gg)reductc < Areduct)c ;.0

areducl‘)]pATvu
Areduct)c,p 0

U

Areduct)p,,

ATV ATV

(gtll)reductcﬂ,u and (gg)reducchTTU

Qreduct)c (glll)reductc and (gg)reduct[cm,ﬂ

areduct)pATm
Areduct)c,,yn

U

Areduct)p,,

AT

< (glll)reductcAT_n and (gg)reducchT,m

Fig.1 The relationship among the reducible attributes (or elements) in the O—1 information system

Table2 A multi-valued OB
information table

2
S
S}
S
W

as

X1
X2
X3
X4
X5
X6

X7

— N W= W N =
R S VS
_— =N NN = =N
LW D W W W N = W

X8

where for any x,y € g, fa;(x) Ja; ()0 =
1,2,...,8;j = 1,2,...,m. For any g,gl € Par and
for any x € g,x/ € g/, there exists a € AT such that
fa(®) # fa(x). And Ui_ g = OB.

(2) The covering of O B with respect to AT':

CATZ{gai |i=1,2,...

Va; j

om, j=1,2,...1} (6)

(3) The multi-partition of O B with respectto AT:

Par ={P1. P2, ..., Pm} (N
a ai ay a a
Wherepl = {gvall ’ gvalzv ) gvalll }’ PZ = {gvu2| ’ gvazza
a _ Aam Aam Am
w5 Buayy b -+ P = {8uip,15 8z - - -+ vy }-

In the 0-1 information table, we regard all information
particles with attribute values of 0 as a covering, and all
information particles with attribute values equal to / as
another covering. In this way, the two coverings are put
together to obtain multiple coverings of O B. However, for a
multi-valued information table, because attribute values are
multi-valued, what rules are used to define multiple cover-
ings? This question is difficult to answer.

Example 4.1 Here is a multi-valued information table I =
(OB, AT, {V,la € AT}, {fala € AT}), where OB =
{x1,x2,...,x8}, AT = {ay,a»,as,as}. More details can
be shown in Table 2 as follows.

Clearly, all elementary granules induced by Table 2 can
be shown as follows:

@ Springer

ap ai aj .
g = {x1,xs5,x8}, 8, = {x2,x3,x7}, 85 = {x4,x6};
a a a a
g12 = {x17x4’ X5, xﬁ}’ g22 = {x39 x7}’ g32 = {x2}9 g42 =
a a a
{xg}: &0 = {x2,x3,x7,x8}, 85" = {x1, x4, x5, x6}; g]* =
a. a
{x2}, g5* = {x3, x7}, g5* = {x1, x4, x5, x6, xg}.
According to these elementary granules, several special
granular structures can be induced as follows:

(1) The partition of OB with respect to AT: Par =
{{x1, x5}, {x2}, {x3, x7}, {x4, x6}, {xs}}s

(2) The granular structure based on a covering of O B with
respect to AT: Car = {g7", 85", 85", 817, 857+ 857+ 84"
g1 85, 81" 85t g5ty ={{x1, x5, xg}, {x2, x3, X7}, {4,
xe}, {x1, x4, x5, x6}, {x3, x7}, {x2}, {xg}, {x2, x3, x7, x3},
{x1, x4, x5, x6, X8}};

(3) The multi-partitions of O B with respect to AT: Par =
{Pays Pay» Pass Pay} =lg]" 85", 85' ), {8175 8575 837

gt e, &b (g1t g5t g5 1) ={{{x1, x5, x8}, {x2, x3,

x7}, {xa, x61}, {{x1, x4, x5, X6}, {x3, x7}, {x2}, {xs}}, {{x2,

x3, X7, x8}, {x1, X4, x5, x6}}, {{x2}, {x2, x3, x7}, {x1, x4,

xs, X6, Xg}};

4.2 The relationship among the rough set models
induced by the multi-valued information
systems

Three kinds of granular structures can be obtained from the
multi-valued information system. Similarly, three kinds of
rough set models can be constructed naturally from these
three kinds of granular structures. Next, the relationship of
the upper and lower approximation sets in these three rough
set models is discussed.

Proposition 4.1 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY) is a multi-valued information system.
For any X C O B, the following results hold.

P 0 - .
(1) apry (X) < ﬂ%”(x) =apr, (X) < ﬂaAT(X),
(2) aprp,, (X) Caprl, (X) = apre,, (X) C aprh, (X).
Proof 1t can be easily proved based on the definitions of Egs.
5)-(7). O

For any X C O B, there is no explicit inclusion relationship
among the pessimistic lower and upper approximations of
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X, which are listed in Definitions 2.5 and 2.7. Let’s illustrate
this problem with an example.

Example 4.2 (Continued from Example4.1) For X = {x|, x3,
x5, x6}, we have that %PAT(X) = @,@SAT(X) =

m%xr(x) = {);2}’ MPAT(X) = {x1,x2,x5}. Then
MPAT(X) s MIP)AT(X) - —Capr AT (X) < M’PAT (X).

For Y = {x3, x4, x7, xg}, we have that aprp, (Y) =
{x3, x4, X6, X7, X8}, aprg, (Y) =apre,, (Y) = {x1,x3, x4,
X5, X6, X7, X8}, ggAT(X) = O0B. So aprp,, (X) <

aprg (X) =apre,, (X) Caprp, (X).

4.3 The relationship among the reductions induced
by the multi-valued information systems

Based on the multi-valued information system, three kinds
of granular structures can be induced. In this part, we first
add a concept of attribute reduction based on covering gran-
ular structure, and then comparatively study the relationship
among the reductions based on these granular structures.

Definition 4.1 Suppose that I = (OB, AT, {V,|la € AT},
{fala € AT}) is a multi-valued information system, and
Car = {gﬁ{i,jﬁ =1,2,...,m,j = 1,2,...,1;} is a cov-
ering of OB with respect to AT. For any a € AT, any
v, € Vg, and any gﬁaj, Jell,2,...,1;}, there exist Cy, ; C
Car /P, (where P, € P47) such that gﬁaj = Ugec,, ;8 (OF
gga./ = Ngec,, ;8 ) then a is called the union (or intersection)
reducible attribute of AT with respect to C47, and denoted
by reducic yp.0 (or Areducic 7. ). If AT C AT meets two

conditions: (1) foranya € AT /A T', a is the union (or inter-
section) reducible attribute of AT with respect to Cr; (2) for
any a € AT,, a is not the union (or intersection) reducible
attribute of AT with respect to C47. Then AT’ is called the
union (or intersection) reduct of AT with respectto Cs7, and
denoted by reduct(AT)¢c,, u (or reduct(AT)c ;N )-

The following results focus on the inclusion relations of
the upper and lower approximation sets of different rough set
models developed from Egs. (5)—(7).

Proposition 4.2 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY) is a multi-valued information system.
For any X C O B, the following results hold.

(1) ﬂreduct(AT)pAT X) = ﬂ'PAT (X),

mreduct(AT)pAT = W’PAT (X);
(2) ﬂreduct(AT)cAT,u(X) =apr, CAT (X,
aprreduct(AT)cAT‘u(X) =aprc,y (X);
(3) ﬂreduct(c,qr)u (X) = _apchT (X),
aprreduct(CAT)U (X) = aprCATO(X)’.
(4 ﬂreduct(AT)pAT,u(X) = apry (X,

_0 _ _0 .
aprreduct(AT)H»AT,u (X) = apr[PAT(X)’

P _ P
(3) 9PT s educt (AT 7 1 (X) = aprp,  (X),

———P ——p ,
aPT reduct(ATYs o (X) = DT, (X);

Proposition 4.3 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY) is a multi-valued information system.
For any X C OB, the following results hold.

(1) ﬂreduct(AT)cAT_m(X) < apre,, (X),
aprreduct(AT)cAT’m(X) 2 WCAT (X);

2) 4P, educt(Carn (X) < Wre,, (X),
APT reduct(Car)n (X)2 WCAT (X);

(3) aPry pucrarye,, 0 S apry (X),

Wﬁdwt(ﬂ)ﬂpﬂ_u X) =2 WﬁAT(X);
(X) Saprg (X).
(X) 2 aprg, (X);
() %Zduct(AT)]pATﬂ X0 S aprg, (X,

——+P ——=P .
aprreduct(AT)]pATm (X) 2 apr]PAT(X):

o
(4) %reduct(AT)IpAT,m
—0
aprreduct(A T)[pAT,m

Proposition 4.4 Suppose that I = (OB, AT,{Vyla €
AT}, {fala € AT}) is a multi-valued information system
and Cat is a covering of OB with respect to AT. For any
X C OB, the following results hold.

(1) 4P, eductCarin X< aprr“d”C’(AT)CATv”(X) =
%reduct(CAT)u (X) mreduct(AT)cAT,u (X);
(2) Wreduct(AT)CAT‘U(X) S aPTreducrcaroX) S

aprreducl(AT)cAT‘m (X) < mreduct(CAT)m (X).

Proposition 4.5 Suppose that I = (OB, AT,{V,la €
AT}, {fala € AT}) is a multi-valued information system
and P4t is a multi-partition of O B with respect to AT. For
any X € O B, the following results hold.

(1) ﬂfeduct(AT)pAT_m(X) = apriducz(AT)pAT,u(X)
ﬂfeduczmrm“,u (X);

(2) @PTeguercatye, ;0

DT eaucr (AT 1

(X)
(X);
(3) ﬂiduct(AT)ﬂpAm(X) < apr?educt(AT)pAm(X) <
(X);
(X)
(X).

N

IN
IN

—P
aprreduct(AT)pAT,u (X)

0
ﬂreduct(AT)ﬂ»AT,u

(4) apr?,

——0
reduct(AT)p .0 S apriequciaryp, X)) S

AT 0

—P
aprreducl(AT)]pAT,m

The following two propositions show the relationship among
the attribute reductions of different granular structures from
Egs. (5)-(7).
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Proposition 4.6 Suppose that I = (OB, AT,{Vyla €
AT}, {fala € ATY) is a multi-valued information system.
Ifa € AT is a union (intersection) reducible attribute of AT
with respect to Psr, then the following results hold.

(1) a € AT is a reducible attribute of AT with respect to
Par;

(2) a € AT is a union (intersection) reducible attribute of
AT with respect to CAT;

(3) gy and gi are both the union (intersection) reducible
elements of Car.

Proposition 4.7 Suppose that I = (OB, AT,{Vyla €
AT}, {fala € ATY) is a multi-valued information system.
Ifa € AT is a union (intersection) reducible attribute of AT
with respect to Par if and only if a € AT is a union (inter-
section) reducible attribute of AT with respect to Cst (Fig.
2).

5 The granular structures induced by
set-valued information systems

For an information system I = (OB, AT, {V,|la € AT},
{fala € ATY}), where AT = {ay, az, ..., ay}, I iscalled the
set-valued information system or the set-valued information
table, if for each a; € AT,V,;, = {vg;1, Vg2, - - -, vaili}, and
for each x € OB, f,;(x) € V,,i = 1,2,...,m. In this
section, we mainly pay attention to the study of elementary
granules and granular structures induced by the set-valued
information table.

In this section, we first study the induced elementary infor-
mation granules and four kinds of granular structures based
on the set-valued information system, then research the inclu-
sion relationship among the rough set models developed by
these granular structures, and further discuss the relationship
among the reductions based on these four kinds of granular
structures.

5.1 Granules and granular structures induced by the
set-valued information systems

From the set-valued information table, the elementary gran-
ular structures first can be induced as follows:

g =A{s,, ; = {x € OBlvyj € f, ()}
i=12....m j=12...1)

Similar to the induced granular structures in the multi-
valued information systems, four types of granular structures
can be induced in the set-valued information systems as fol-
lows.

@ Springer

(1) The partition of O B with respect to AT:

PATZ{g17g27"‘?gS} (8)
where for any x,y € g;, fo,(x) = fo;(y),] =
1,2,...,8;i = 1,2,....,m. Forany g, g € Par and
for any x € g,x/ € g/, there exists a € AT such that
Ja(x) # fa(x). And Ui_,g; = OB.

(2) The multi-partition of O B with respectto AT:

Par ={Pays Pays - - - » Pay, } )
where for any P € Pa, and any x,y € P, fa, x) =
fa;(y). And forany P, P e Py andanyx eP,x €P,
one can find that f, (x) # fal.(x ),i=1,2,...,

(3) The multi-covering of O B with respectto AT:

(CAT = {Ca]’ Cuzv cee

» Cay} (10)

where Cy; = Py; U C;I, and C;’, needs to meet two con-

ditions: (1) For each K € C/a,-’ there exists vy, ; € V,
such that vy, ; € Nyek fu; (x); (2) Foreach y € OB/K,
Ja; (¥) N (Nxek fa;(x)) # Niek fa;(x), where i =
L,2,....m;j=1,2,...,1.
(4) The covering of O B with respectto AT
Cat ={K1, K>3, ...,K;} (11)
where any K € C4r needs to meet two conditions: (1)
K # ; (2) There are K; € Cy, € Car,i =1,2,...,m
sothat K = K, NK,N---NK,,.
In order to better understand the elementary information
granules and granular structures obtained from set-valued
information systems, we will use the following examples
to illustrate them.

Example 5.1 Here is a set-valued information table I =
(OB, AT, {V,la € AT}, {fsla € AT}), where OB =
{x1,x2,...,x8}, AT = {ay,a»,as, as}. More details can
be shown in Table 3 as follows.

Based on Table 3, all the elementary information granules
can be got as follows:
ai a ai .
g1 = {x1, x4}, &' ={x2, x3, x5}, g3' = {x3, x5, X6, X7, X8};
a a
g = {x2,x3,x5, %6}, 85 = {x1,x2, x4, x5, X6, X7, X8}
az az az
g = {x1,x3,x4, %6, X7}, 8° = {x2,x5,x7,x8}, 83" =
a. a a.
{x1,xa}; g1 = {x1, %2, x4, x6, X8}, 8" = {x6, X7}, &5' =
{x3, x5, X7, x8}.
According to these elementary information granules, sev-
eral special granular structures can be induced as follows:

(1) The partition of OB with respect to AT: Par =
{{xr, xa}, {2}, {x3}, {xs}, {xel, {x7}, {xsl}s
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areduct)]pAT,U
a a
(gl)reductcﬂ,u and (go)reductcAT,u < areduct)cAT_U

Areduct)p AT

areduct)pAT_n
< (gT)reductCAT,n and (gf)l)reductCArm

areducl)cAT,n

areducr)pAT

Fig.2 The relationship among the reducible attributes (or elements) in the multi-valued information system

Table 3 A set-valued information table

OB aj a as a4
x1 {1} {2} {1,3} {1}
x2 {2} {1,2} {2} {1}
x3 {2,3} {1} {1} {3}
X4 {1} {2} {1,3} {1}
X5 {2,3} {1,2} {2} {3}
X6 {3} {1,2} {1} (1,2}
x7 {3} {2} {1,2} (2,3}
xg {3} {2} {2} {13}

(2) The multi-partition of O B with respect to AT: Par =
{Pays Pays Pays Poy} ={{{x1, x4}, {x2}, {x3, x5}, {x6, x7,
xst}, {{x1, x4, x7, x8}, {x3}, {x2, x5, x6}}, {{x1, x4},

{x2, x5, x8}, {x3, x6}, {x7}}, {{x1, x2, x4}, {x3, x5}, {x6},
{x7}, {xs}}s

(3) The multi-covering of O B with respect to AT: Car =
{Cays Cay, Cay, Cap} ={{{x1, x4}, {x2}, {x3, x5}, {x2, x3,
xs}, {x6, X7, x8}, {x3, x5, X6, X7, X8}}, {{x1, X4, X7, X8},
{x3}, {x2, x5, x6}, {x2, x3, x5, x6}, {x1, X2, X4, X5, X6, X7,
xg}}, {{x1, x3, x4, x6, x7}, {x1, x4}, {x2, x5, x8}, {x3, x6},
{x7}, {x2, x5, x7, x8}}, {{x1, x2, x4}, {x3, x5}, {x6}, {x7},
{xs}, {x1, x2, x4, x6, x8}, {x6, x7}, {x3, x5, X7, x8}}};

(4) The covering of OB with respect to AT: Car =
{{x1, x4}, {x2}, {x3}, {xs}, {x6}, {x7}, {xs}, {x5, x7, x8},
{x6, x7}, {x7, x8}}.

5.2 The relationship among the rough set models
induced by the set-valued information systems

Here, we will focus on the inclusion relationship among the
upper and lower approximation sets in the rough set models
obtained from the set-valued information system.

Proposition 5.1 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY) is a set-valued information system. For
any X € O B, the following results hold.

P _ P c 0 _ 0

(1) ‘éﬂc“ (X) =apry, (X)Sapre (X)=apry (X)
Capr, (X)=apry, (X) ., .

(2) aprp,,(X) = apre,, (X) € apry, (X) =apr¢,, (X)
Capry, (X) =apr{, (X)

Proof 1t is easy to be proved by Egs. (8)—(11). O

Example 5.2 (Continued from Example 5.1) For X =
{xs, x6, x3}, we have that M(};AT(X) = ﬂlgu(x)
0. aprg (X) = aprf (X) = {x¢. x5}, apr, (X) =
apr,, (X) = {xs. x¢, xg}. Then @gﬂ (X) = %HQ’AT (X)
Caprl (X)=aprg (X)Capr, (X)=apr, (X).
Meanwhile, for ¥ = {x2, x3,x4,x7}, we can get
aprp,, (Y) = apre,, (Y) = {x1, X2, x3, x4, x7},apr, (V)
= aprg (Y) = {x1,x,x3,x4,%5, %7}, aprp, (¥)
apr(,, (Y) = OB. So, aprp, (Y) = apre,, (Y) <
aprg,, (Y) =aprg, (Y) Caprp, (Y) =apre, (V).

N

5.3 The relationship among the reductions induced
by the set-valued information systems

Based on the set-valued information system, four kinds of
granular structures can be induced. In this part, we first add
a concept of attribute reduction based on covering granu-
lar structure, and then comparatively study the relationship
among the reductions based on these granular structures.

Definition 5.1 Suppose that I = (OB, AT, {V,|la € AT},
{fsla € AT}) is a set-valued information system and Car
is the covering of OB with respect to AT. For any a €
AT, one can find that Po7 € Ca7/{a), then a is called the
reducible attribute of AT with respectto C4r, and denoted by
reducic ;- If AT C AT meets two conditions: (1) for any

ae AT/ AT', a is the reducible attribute of AT with respect
to Car; (2) forany a € AT/, a is not the reducible attribute
of AT with respect to C47. Then AT/ is called the reduct of
AT with respect to C47, and denoted by reduct (AT )¢,

Definition 5.2 Suppose I = (OB, AT,{V,la € AT},
{fasla € AT}) is aset-valued information system and C47 =
{Cay, Cay, - .., Cq, } is a family of the coverings of O B with
respect to AT'. Then we call {reduct(Cq,)u, reduct(Cg,)u,
..., reduct(Cq, )y} the unionreduct of C47, and denoted by
reduct(Car)y. Meanwhile, we call {reduct(Cqy,)n, reduct
(Cans - - ., reduct(Cq, )n} the intersection reduct of C47,
and denoted by reduct(Car)n.

Definition 5.3 Suppose I = (OB, AT,{V,|la € AT},
{fasla € AT}) is aset-valued information system and Cq7 =
{Cay, Cay, - .., Cqy, } is a family of the coverings of O B with
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respect to AT. For any a € AT and any g € C, € Cyr, if
there exist (C;\T C Cyr/{C,} and K ckKe (C;‘T such that
K = Uge Uk (or K = Ng e (O gD,
then a is called the union (or intersection) reducible attribute
of AT with respect to C4r, and a is denoted by Areducic 7
(or Areducic 7. ). Otherwise, a is called the union (or inter-
section) irreducible attribute of AT with respect to C4r. If
AT C AT meets two conditions: (1) for any a € AT/AT/,
a is the union (or intersection) reducible attribute of AT with
respect to C47; (2) for any a € AT/, a is not the union (or
intersection) reducible attribute of AT with respect to C7.
Then AT is called the union (or intersection) reduction of
AT with respect to C4r, and denoted by reduct (AT )c,,,u
(orreduct(AT)C,p.0)-

According to the definition of each rough set model and
the reduction of the related granular structure, it is easy to
see that the conclusions of propositions 5.2-5.6 are true. So
the proof of these propositions is omitted.

Proposition 5.2 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY) is a set-valued information system. For
any X € O B, the following results hold.

(1) apr reducl(PAT)(X) = %PAT (X)’W”d””(PAT)(X)
=aprp,, (X);

(2) apr reduc,(cAT)U(X) = apro (XD, apT requerCary, (X)
- aprCAT (X)

(3) apr, p.ei AT)e,, (X) = apr, (X),aprequcr(atc,,

(X) —aprcAT(X)'

— 0 anr®
(4) apr reducl(]P’AT)u( ) = ﬂIF’AT X, aprred”CT(PAT)u(X)
= aprIPQAT (X),
— P anrt
(3) apr reduct(IP’AT)m (X) = apPrp, . X), aerdMCt(PAT)n(X)
= aerDAT (X);
— o apr©
(6) apr I’Lducl((cAT)U (X) = 4Pr e,y X), aprrfd“C'Z(CAT)u(X)
= aprCAT (X);
— P apr?
(7) apr reducl((CAT)U (X) = ﬂcAT(X)’ aprrEd“CT(CAT)u(X)
= apl’CAT (X),
— o apr®
(8) apr I’Lducl((CAT)U X) = arre,, X), aprrfd“Cl(CAT)u(X)
= aprCAT (X);
— P apr?
(9) apr reducl((CAT)ﬂ (X) = ﬂcAT(X)’ apr”?d“Cf(CAT)m(X)
=apre.,, (X).

Proposition 5.3 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY) is a set-valued information system. For
any X € O B, the following results hold.

(X), apr,

reduct(Car)n

(1) apr L reduct(Car )m(X) < %AT X)

2apre,.(X);
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p —p
(X) 2 Ty, (X, aprreduct(PAT)u(X)

(2) apr reducl(IPAT)u
C aprPAT(X),

(3) apr reduct(@AT)ﬁ
D (ZPVPAT (X)’

(4) apr reducl((CAT)m
Dapr, aprCAT (X),

(3) apr rLduLt((CAT)m
DaprCAT(X),

(6) apr reduct((CAT)u
C apr, aprCAT (X),

(7) apr reduct((CAT)n
2 apr(CAT (X)

(X) € ﬂ]g (X), aprreduct(PAT)n(X)

o
(X) C @C (X), aprreduCl(CAT)ﬂ(X)

P —p
(X) < apre.. (X), aprreduct((CAT)m(X)

» —p
(X) 2 ﬂCAT (X), aprreducl((CAT)u(X)

0 ——0
(X) < g(CAT(X)7 aprreducl‘((CAT)ﬂ(X)

Proposition 5.4 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY) is a set-valued information system and
Car is a covering of OB with respect to AT. For any
X C OB, the following results hold.

X) =

(1) apr 2 reduct(Cat)n ) < e
apr reduct(AT)c 7 (X;

(2) Wreduct(AT)CAT (X) -
apr reductCar)o (X) < AP reduct(Car)n (0.

reduct(CAT)u

Proposition 5.5 Suppose that I = (OB, AT,{V,la €
AT}, {fala € AT}) is a set-valued information system and
Par is a multi-partition of O B with respect to AT. For any
X C OB, the following results hold.

(1) apr (X) < apr X)

reducl(AT)u»AT n

apr© (X);

reducl(AT)]pAT_u
(2) aprreduct(AT)u»AT U(X)

N

reduct(AT)]PAT u

N
N

——p
aprreduct(AT)JpAT‘u (X)
aprreduct(AT)[pATm (X)’.

(3) apr® (X)

reduct (A T)[P’AT,Q
(X);

—0
(4) aprreduct(AT)mAT,u (X)

IN

0
aprreduct(AT)]PATﬂ(X)

N

0
GPT s equet(ATYg ,p

N
N

——0
aprrea’uct(AT)]PAT n (X)

—p
aprreduct(A Dp,r.n X).

Proposition 5.6 Suppose that I = (OB, AT,{V,la €
AT}, {fala € AT}) is a set-valued information system and
Car is a multi-partition of O B with respect to AT. For any
X C OB, the following results hold.

P
(I) apr reducl((CAT)m (X) S aprreducl(AT)CAT,m (X) <
apr reducl(AT)(CAT (X) _aprreduct((CAT)u( );
C

—p
(2) aAPT v educt(Car)y X) = aprmd““(AT)‘CArU X

——P apr’ :
aprreduct(AT)CATYm X) < aPY veduct(Car)n (X);
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o
(3) apr i camX) S apr reduct(AT)CATm(X) <
o
%reducz(AT)(cAT,u(X) apr reduct(CAT)u (X);
——0 —
(4) aPT veduct(Car)u X) = aprred"‘”(AT)CAT U(X) <

—0
aprreduct(AT)CATYm(X) < aprreduct((CAT)m( )

The following two propositions show the relationship among
the attribute reductions of different granular structures pro-
posed above.

Proposition 5.7 Suppose that I = (OB, AT,{V,la €
AT}, { fala € ATY) is a set-valued information system. Then
the following results hold.

(1) reduct(Car)u = Par;
(2) redMCt(Creduct(AT)cAT Ju
(3) reduct(Car)y = Par;
(4) reduct(Creduct(AT)p ;U

= Par;

= Preduct(aTyp 00

Proof (1) suppose that C47 = {K1, K2, ..., K;} is the cov-
ering of OB with respect to AT. Then for any K € Car,
there exist Kl/ € Cy € Cyr,i = 1,2...., m such that
K = K, NK,N---NK,. Since C;;, = Py, UC,, if
C:;i = {, then one can find that there are P; € P, € Par,
i=1,2,...,msothat K = PPN P,N---N P,. That is
to say that P47 € Car. In addition, based on the structure
of C:l[, for each K" € C,;i /P, there is P C Pyr so that
K' = Upep P. In conclusion, equation reduct(Car)y =
Par holds.

(2) Based on Definition 5./, one can find that Pyr C
Creduci( AT)C 7 At the same time, the relation Cyegycs( AT)e ip
C Car alsoholds. Thatistosay that Por C Creducl(AT)cAT -
Car. Then Par S reduct(Crequci(AT)c,, U S
reduct(Car)u. Because reduct(Cat)u = Par, We can get
that
reduct Creduct(AT)c ,, )U = PAT.

(3) According to the structures of C47 and P47, the con-
clusion is obvious.

(4) Based on the third conclusion in this proposition, the
result obviously holds. O

Proposition 5.8 Suppose that I = (OB, AT,{Vyla €
AT}, {fala € ATY) is a set-valued information system. If
a € AT is a reducible attribute of AT with respect to Pt
if and only if a € AT is a reducible attribute of AT with
respect to CAt.

Proof (=) Sincea € AT is areducible attribute of AT with
respect to Par, then Par;(a) = Par. Meanwhile, based on
the construction of C47, we have that Pa7/ia) € Cat/{a)-
Then we can get that Pa7 € Ca7/(q). Therefore, a € AT is
a reducible attribute of AT with respect to C47.

(<) Ifa € AT is areducible attribute of AT with respect
to Car, then Par € Carjfa). This shows that Par /() =

Par.So,a € AT is areducible attribute of AT with respect
to Par. ]

Proposition 5.9 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY) is a set-valued information system. If
a € AT is a union or an intersection reducible attribute of
AT withrespecttoPar, thena € AT is a reducible attribute
of AT with respect to Par;

Proof The proof of this proposition is similar to that of the
first conclusion in Proposition 3.7. O

Proposition 5.10 Suppose that I = (OB, AT,{V,la €
AT}, {fala € ATY) is a set-valued information system. If
a € AT is the intersection reducible attribute of AT with
respect to Car, then a € AT is the reducible attribute of
AT with respect to Par.

Proof For each g € Par, there are P; € P,, € Par so that
g = PiNP,N---N P,. Without loss of generality, suppose
that a; € AT is the intersection reducible attribute of AT
withrespectto C 47. Then there exist (C:AT C Car/{Cq4 }and
K C K € (C/AT such that Py = Ng_ (ﬂK/eEK/). Let’s

eCyp
markU(C/AT ={Ki,Kz,....K;}.Sog =P NP,N---N
P, = (KiNKyN---NK)N(P,NP3N---NPy,,). Based on the
structures of K;, j = 1,2,...,1, for each K, one can find
that there is P; such that P; € K;. Theng = P, N ---N Py,
Therefore, a € AT is the reducible attribute of AT with

respect to Par. O

Proposition 5.11 Suppose that I = (OB, AT,{V,la €
AT}, {fala € AT}) is a set-valued information system.
a € AT is a union reducible attribute of AT with respect
to Par if and only if a € AT is a union reducible attribute
of AT with respect to Cxr.

Proof (=:) Obviously. O

(<:)Foreach P € P, € Pyr,itcanbe foundthat P € C, €
Car.If a € AT is a union reducible attribute of AT with
respect to Cr, then there exists K = {K1, K2, ..., K,} C
UCy7 suchthat P = KUKy U---UK ), where K;€Cy, i =
1,2,..., p. According to the deﬁnition of Car, for each
K € K, one can find that an attribute o’ € AT /{a} and a
subset family P C P, sothat K = UP . That is to say
that K is the union of some sets in P . Then P is the union
of some sets in UP47/(q}. Therefore, we know thata € AT
is a union reducible attribute of AT with respect to P4r.
From Proposition 5.11, we know that a € AT is a union
reducible attribute of AT with respect to P47 if and only if
a € AT is a union reducible attribute of AT with respect
to C4r. What is the relationship between the intersection
reducible attribute of AT with respect to P47 and Cq7?
Next, let’s use Examples 5.4 and 5.5 to answer this question.
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Table 4 .A set-valued OB a a as
information table
X1 {1,2}  {2,3} {1,2}
X2 {2} {1.2} 2,3}
X3 2,3}  {1,2} {1,2}
X4 (1,2}  {2,3} {1,2}
X5 {2} {1.2}  {2,3}
X6 {1,3}  {1,3} {1,3}
X7 {3} {13} {2,3}
X8 {1} {2} {1,3}
Table5 A set-valued OB a @ a
information table
xi {1} .2y {1
x2 {2} {3} (2,4}
x3 {2} 3.4y {1}
X4 {1} .2y {1
Xs {2} {3} (2,4}
X6 {3} {14} (3.4}
x7 {3} {14} (2,4}

xg 3.4y {1} {3.4}

Example 5.4 Suppose that I = (OB, AT, {V,la € AT},
{fsla € AT}) is aset-valued information system. The details
are shown in Table 4.

Based on Table 4,
IPAT = {Pal s Paz» Pa3}

where
Pay = {{x1, x4}, {x2, x5}, {x3}, {x6}, {x7}, {xs}},
Pay = {{x1, x4}, {x2, x3, x5}, {x6, X7}, {x8}},
Pay = {{x1, x3, x4}, {x2, x5, x7}, {x6, x8}}.

(CAT = {CLH ’ Cuz’ Cu3}

where

Cay = {{x1, x4}, {x2, x5}, {x3}, {x6}, {x7}, {xs}, {x1, x4,
X6, X8}, {x2, X3, X4, x5}, {x3, X6, x7}},

Ca, = {{x1, x4}, {x2, x3, x5}, {x6, X7}, {x8}, {x2, x3, x5,

X6, X7}, {X1, X2, X3, X4, X5, X8}, {X1, X4, X6, X7}},

Cay = {{x1, x3, x4}, {x2, x5, X7}, {x6, X8}, {x1, X3, X4, X6,
xg}, {x1, X2, X3, X4, X5, x7}, {X2, X5, X6, X7, X8}}.

Clearly, a; € AT is an intersection reducible attribute of
AT with respect to P47, but a; € AT is not the intersection
reducible attribute of AT with respect to C47.

Example 5.5 Suppose that I = (OB, AT, {V,la € AT},
{fala € AT}) is aset-valued information system. The details
are shown in Table 5.
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Fig.3 The relationship among the reducible attributes in the set-valued
information system

Based on Table 4,
HDAT = {Pal > Paz, Pa3}

where
Pay = {{x1, x4}, {x2, x3, x5}, {x6, X7}, {x8}},
Pay = X1, X4, X2, X5, X3, X6, X7, X8,
Pay = {{x1, x3, x4}, {x2, x5, x7}, {x6, x8}}.

(CAT = {Cal s Caz, Ca3}

where

Ca; = {{x1, x4}, {x2, x3, x5}, {x6, x7}, {x8}, {x6, x7, x8}},

Cay = X1, X4, X2, X5, X3, X6, X7, X8, X3, X6, X7, X2, X3, X5,
X1, X4, X6, X7, X8,

Cay = {{x1, x3, x4}, {x2, x5, X7}, {x6, X8}, {x2, X5, X6, X7,
xg}}.

Clearly, a; € AT is an intersection reducible attribute of
AT with respectto C47, buta; € AT is not the intersection
reducible attribute of AT with respect to P4r.

According to the above two examples, we know that
there is no inevitable relationship between the intersection
reducible attribute of AT with respect to C47 and Pyr.

From Propositions 5.8-5.11, and Examples 5.4 and 5.5
the relationship among all kinds of reducible attributes based
on different granular structures is deeply explored. Next, a
figure is used to show the relationship among these reducible
attributes (Fig. 3).

6 Conclusion

Binary information system, multi-valued information sys-
tem and set-valued information system are three kinds of
important information systems which are often used in data
mining and knowledge discovery. When these information
systems are processed by granular computing method, four
kinds of granular structures can be obtained, which are one
partition, one covering, multiple partitions and multiple cov-
erings, respectively. For a long time, the researches on these
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granular structures and their corresponding granular com-
puting models have been carried out independently. In many
models of granular computing, we take rough set as an exam-
ple to compare and study the relationship among these rough
set models. In addition, the reduction theories of these gran-
ular structures are also discussed. In this paper, we compare
the induced granular structure in the same information sys-
tem, the relationship among the rough set models defined
by these granular structures and the relationship among the
reducts of these granular structures. This paper aims to study
the relationship between different rough set models induced
from the same information system, so that different rough set
theories can be integrated and learn from each other. It is of
great significance to improve the ability of data mining and
information processing.

Due to the length of the manuscript, this paper only makes
a preliminary discussion on the comparative study of dif-
ferent rough set theories, and there are still many problems
to be further studied. For example, we can study the mea-
surements and information entropies among these granular
structures, the algebraic properties and topological properties
of the rough set models defined by these granular structures
and so on. Meanwhile, in addition to the rough set model stud-
ied in this paper, based on the theoretical development and
practical needs, many other rough set models have been pro-
posed, and the relationship between these models still needs
to be studied. we can also consider the granular structures
induced by the information system in fuzzy environment, and
the relationship among granular computing models based on
these granular structures. And different rough set models can
also be compared in rule extraction. All of these works are
worthy of further study.

Acknowledgements This work is partially supported by the National
Natural Science Foundation of China (Nos. 61976254, 61772002), the
central special key projects of basic scientific research fees in Colleges
and Universities (XDJK2019B029), the Macau Science and Technology
Development Foundation (No. 081/2015/A3), the National Natural Sci-
ence Foundation of CQ CSTC (No. cstc2015jcyjA40053), the Science
and Technology Research Program of Chongqing Municipal Education
Commission (Grant No. KJ1709221), and the Natural Science Foun-
dation of Fujian Province (Nos. 2020J01707, 2020J01710), National
Foundation Cultivation Program of Jimei University (No. ZP2020056).

Declarations

Conflict of interest All authors declare that they have no conflict of
interest.

Ethical approval This article does not contain any studies with human
participants or animals performed by any of the authors.

References

AnlJJ, Wang GY, Wu Y, Gan Q (2005) A rule generation algorithm based
on granular computing. In: 2005 IEEE international conference on
granular computing, Beijing

Hobbs J (1985) Granularity. In: Proceedings of the ninth international
joint conference on artificial intelligence, Los Angeles, CA

Kong QZ, Xu WH (2018) Operation properties and algebraic applica-
tion of covering rough sets. Fundam Inform 160:385-408

Kong QZ, Xu WH (2019) The comparative study of covering rough sets
and multi-granulation rough sets. Soft Comput 23:3237-3251

Kong QZ, Zhang XW, Xu WH, Xie ST (2020) Attribute reducts of multi-
granulation information system. Artif Intell Rev 53(2):1353-1371

Li DY, Meng HJ, Shi XM (1995) Subordinate cloud and subordinate
cloud generator. J] Comput Res Dev 6:15-20

Li JH, Ren Y, Mei CL, Qian YH, Yang XB (2016) A comparative
study of multigranulation rough sets and concept lattices via rule
acquisition. Knowl-Based Syst 91:152-164

Li ZW, Zhang PF, Ge X, Xie NX, Zhang GQ, Wen CF (2019) Uncer-
tainty measurement for a fuzzy relation information system. IEEE
Trans Fuzzy Syst 27(12):2338-2352

Li ZW, Liu XF, Dai JH, Chen JL, Fujita H (2020a) Measure of uncer-
tainty based on Gaussian kernel for a fully fuzzy information
system. Knowl-Based Syst 196:105791

Li ZW, Huang D, Liu XF, Xie NX, Zhang GQ (2020b) Information
structures in a covering information system. Inf Sci 507:449-471

Lin TY (2000) Data mining and machine oriented modeling: a granular
computing approach. Appl Intell 13(2):113-124

Lin GP, Liang JY, Qian YH (2013) Multigranulation rough sets: From
partition to covering. Inf Sci 241:101-118

Liu CH, Miao DQ, Qian J (2014) On multi-granulation covering rough
sets. Int J Approx Reason 55(6):1404-1418

Long BH, Xu WH, Zhang XY, Yang L (2020) The dynamic update
method of attribute-induced three-way granular concept in formal
contexts. Int ] Approx Reason. https://doi.org/10.1016/j.ijar.2019.
12.014

Pawlak Z (1981) Information systems, theoretical foundations. Inform
Syst 6:205-218

Pawlak Z (1982) Rough sets. Int ] Comput Inf Sci 11:341-356

Qian YH, Liang JY, Yao YY, Dang CY (2010a) MGRS: a multi-
granulation set. Inf Sci 180:949-970

Qian YH, Liang JY, Dang CY (2010b) Incomplete multigranulation
rough set. IEEE Trans Syst Man Cybern A 20:420-431

Qian YH, Zhang H, Sang YL, Liang JY (2014) Multigranulation
decision-theoretic rough sets. Int J Approx Reason 55(1):225-237

Sun L, Wang LY, Ding WP, Qian YH, Xu JC (2019) Neighbor-
hood multigranulation rough sets-based attribute reduction using
Lebesgue and entropy measures in incomplete neighborhood
decision systems. Knowl-Based Syst. https://doi.org/10.1016/j.
knosys.2019.105373

Wang CZ, Shao MW, Sun BQ, Hu QH (2015) An improved attribute
reduction scheme with covering based rough sets. Appl Soft Com-
put 26:235-243

Wang CZ, Wang Y, Shao MW, Qian YH, Chen DG (2020) Fuzzy rough
attribute reduction for categorical data. IEEE Trans Fuzzy Syst
28(5):818-830

Xu WH, Zhang WX (2007) Measuring roughness of generalized rough
sets induced by a covering. Fuzzy Set Syst 158(22):2443-2455

Xu WH, Guo YT (2016) Generalized multigranulation double-
quantitative decision-theoretic rough set. Knowl-Based Syst
105:190-205

Xu WH, YuJH (2017) A novel approach to information fusion in multi-
source datasets: a granular computing viewpoint. Inf Sci 378:410—
423

@ Springer


https://doi.org/10.1016/j.ijar.2019.12.014
https://doi.org/10.1016/j.ijar.2019.12.014
https://doi.org/10.1016/j.knosys.2019.105373
https://doi.org/10.1016/j.knosys.2019.105373

Q. Kong et al.

Xu WH, Li WT (2016) Granular computing approach to two-way learn-
ing based on formal concept analysis in fuzzy datasets. IEEE Trans
Cybern 46(2):366-379

Yang L, Xu WH, Zhang XY, Sang BB (2020) Multi-granulation method
for information fusion in multi-source decision information sys-
tem. Int J Approx Reason 122:47-65

Yao YY (1998) Relational interpretations of neighborhood operators
and rough set approximation operators. Inf Sci 111:239-259

Yao YY (2001) Information granulation and rough set approximation.
Int J Intell Syst 16(1):87-104

Yao YY (2010) Three-way decisions with probabilistic rough sets. Inf
Sci 180:341-353

Yao YY (2012) An outline of a theory of three-way decisions. In:
RSCTC 2012, LNCS (LNAI) vol 7413, pp 1-17

Yao YY (2016) Three-way decisions and cognitive computing. Cogn
Comput 8:543-554

Yao YY (2018) Three-way decision and granular computing. Int J
Approx Reason 103:107-123

Zadeh LA (1979) Fuzzy sets and information granularity. In: Gupta
N, Ragade R, Yager R (eds) Advances in fuzzy set theory and
applications. World Science, Amsterdam, pp 3—18

@ Springer

Zakowski W (1983) Approximations in the space (u, 7). Demonstr
Math 16:761-769

Zhang B, Zhang L (1992) Theory and applications of problem solving.
North-Holland, Amsterdam

Zhang XW, Kong QZ (2016) On four types of multi-covering rough
sets. Fundam Inform 147:457-476

Zhu W, Wang FY (2012) The fourth type of covering-based rough sets.
Inf Sci 201:80-92

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.



	A comparative study of different granular structures induced from the information systems
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 granules and granular structures induced by the information system
	2.2 Rough set models based on different granular structures
	2.3 Reducts based on different granular structures 

	3 The granular structures induced by the binary information systems 
	3.1 Granules and granular structures induced by the binary information systems 
	3.2 The relationship among the rough set models induced by the binary information systems 
	3.3 The relationship among the reducts induced by the binary information systems 

	4 The granular structures induced by the multi-valued information systems 
	4.1 Granules and granular structures induced by the multi-valued information systems 
	4.2 The relationship among the rough set models induced by the multi-valued information systems 
	4.3 The relationship among the reductions induced by the multi-valued information systems 

	5 The granular structures induced by set-valued information systems 
	5.1 Granules and granular structures induced by the set-valued information systems 
	5.2 The relationship among the rough set models induced by the set-valued information systems 
	5.3 The relationship among the reductions induced by the set-valued information systems 

	6 Conclusion
	Acknowledgements
	References




